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The correlation function between two Polyakov loops encodes the free-energy shift due to a pair of sepa-
rated colour conjugated sources in the hot QCD medium. This is analyzed in terms of a novel Ka¨lle´n-Lehmann
spectral representation for the separating distance, implying an increasing and concave free-energy at all tem-
peratures. We express the heavy Q¯Q free-energy shift below the phase transition in QCD in terms of colour
neutral purely hadronic states with no explicit reference to quarks and gluons. Good agreement with lattice data
is achieved when considering the avoided crossing mechanism underlying string breaking and with standard
quenched values of the string tension known from charmonium and bottomonium phenomenology. We also
address the role of the corresponding entropy shift and its renormalization group properties.
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I. INTRODUCTION
Long before the advent of QCD the thermodynamic and hy-
drodynamic interpretation of high energy collisions in terms
of hadrons was envisaged after the pioneering works of
Fermi [1] and Landau [2] (for a review see e.g. [3]). A ma-
jor inspiring breakthrough came about when Hagedorn found
that purely hadronic matter forming a hadron resonance gas
(HRG) has an exponentially growing level density implying
the existence of a hadronic limiting temperature [4] of about
TH = 150MeV (see [5] for an upgrade and [6] for a histor-
ical overview). According to the quantum virial expansion
this corresponds to a weakly interacting multicomponent gas
of resonances [7]. The discovery of asymptotic freedom and
QCD in terms of quarks and gluons carrying experimentally
elusive colour degrees of freedom triggered an intensive re-
search on the phase structure over the last half a century and
has motivated a dedicated experimental effort at SPS, RHIC
and LHC facilities within the heavy ions collisions traveling at
almost the speed of light [3]. Lattice calculations provide di-
rect access to the equation of state (EoS) and a strong evidence
that a crossover between a hadron gas and a quark-gluon liq-
uid phase takes place at a temperature of about 150MeV [8].
The final consensus on the EoS has only been achieved re-
cently buttressing in passing the venerable HRG in the sub-
critical region (see e.g. [9, 10] for reviews) and promoting
this model as a canonical comparison tool for lattice calcu-
lations monitoring non-hadronic effects [11, 12]. Besides,
modern hydrodynamical descriptions of ultrarelativistic heavy
ions provide in a unified way the formation of the fireball as
well as the subsequent evolution process just in terms of the
EoS in the gas-liquid crossover interregnum [3].
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In a non-abelian gauge theory such as QCD one can mean-
ingfully address specific information on quark and gluon
colour charges and their interactions in the hot medium be-
yond the EoS which could not be posed in the pre-QCD times.
Nonetheless, we expect that any physical observable can still
be described in terms of manifestly colour singlet hadronic
states below the phase transition. We have recently shown
this quark-hadron duality at finite temperature for the quark
self-energy via the renormalized Polyakov loop [13] using sin-
gle heavy meson charm and bottom excited spectra (see also
[14]). (See [15] for higher representations and [16] for a ped-
agogical discussion.) In this letter we verify that the quark-
antiquark free-energy can be represented, as naively expected,
via purely hadronic states and a single bosonic string poten-
tial, with no explicit reference to quarks and gluons. This
requires a non-trivial level avoided crossing structure in the
heavy-light meson-antimeson spectrum and is done in har-
mony with a new Laplace-Stietjels spectral representation of
the Polyakov correlator, whence concavity properties of the
free-energy at any temperature can be trivially deduced. Some
motivation for the present work has been presented previously
in [17, 18].
The quark-antiquark free energy is ambiguous by a constant
which can be fixed at a reference temperature and relative dis-
tance between the heavy sources. On the contrary both the
entropy shift and the specific heat shift are unambiguous, and
one expects them to fulfill renormalization group invariance.
In a short note we have profited from this view to display the
entropy shift due to a single heavy source based on integrat-
ing the specific heat with suitable boundary conditions [19].
In the present work we extend such an analysis to the corre-
sponding quark-antiquark situation and show that more infor-
mation than the specific heat is needed in order to reconstruct
the free energy.
The paper is structured as follows. In Section II we present
a derivation of the Ka¨llen-Lehman representation for the free
energy of two colour charged conjugated sources. This allows
to easily deduce convexity properties for the free energy. In
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2Section III we analyze the renormalization group aspects of
free energy, entropy and specific heat and illustrate the con-
straints for the case of a medium and the modifications follow-
ing the addition of a colour source and its charge conjugated
source at a given separation distance. In Section IV we ana-
lyze the avoided crossing structure of the spectrum made of a
string and pairs of heavy-light, q¯Q and singly heavy baryons
Qqq and the corresponding partition function containing the
Hadron Resonance Gas and a string. We highlight the impor-
tant role played by the string-hadron transition on the light of a
comparison with available recent lattice data for the Polyakov
loop correlator. Finally in Section V we summarize our points
and come to the conclusions.
II. KA¨LLE´N-LEHMANN SPECTRAL REPRESENTATION
FOR THE CORRELATION OF TWO POLYAKOV LOOPS
When two heavy colour charge conjugated sources belong-
ing to the representations R and R¯ of the colour gauge group
SU(Nc) are created and placed at a given distance in the hot
medium, there arises a free-energy which provides the max-
imum work the system can exchange with the medium at
a fixed temperature. McLerran and Svetitsky suggested 35
years ago to explore these free-energies for the fundamen-
tal representation as suitable order parameters for a hadronic-
quark gluon plasma phase transition [20, 21] (for an early re-
view see e.g. [22]).
A. Standard scheme
The obvious approach to the heavy quark-antiquark free-
energy is to consider a compactified Euclidean time to include
the finite temperature, so the three coordinates x,y,z are spa-
tial ones and t is time-like (see Fig. 1, left). Denoting Z0 the
partition function of the system without sources, ZR⊗R¯ the par-
tition function with heavy sources a distance r apart, and C the
correlation function between Polyakov loops,
C(r,T ) = 〈trRΩ(r)trR¯Ω(0)〉T =
ZR⊗R¯(r,T )
Z0(T )
, (1)
where the Polyakov loop, Ω =Pei
∫ 1/T
0 gA0dt , is a purely glu-
onic operator, trR(1) = dimR, and 〈 〉T is the thermal expecta-
tion value. Correspondingly, for the shift in the free-energy
F(r,T )≡ FR⊗R¯(r,T )−F0(T ) =−T logC(r,T ). (2)
Cluster decomposition and translational invariance requires
factorization (using also colour charge conjugation 〈trRΩ〉T =
〈trR¯Ω〉T )
C(∞,T ) = 〈trRΩ〉2T = e−2F(T )/T (3)
where F(T ) is the shift in the free-energy produced by intro-
ducing a single heavy charge.
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FIG. 1: Two schemes for 〈tr(Ω(r))tr(Ω†(0))〉. In both cases the
Hamiltonian evolves in the vertical direction.
To avoid paradoxes it is important to note that, unlike
FR⊗R¯(r,T ) and F0(T ), the shift F(r,T ) is not a true free-
energy. This quantity is not extensive and thermodynamic sta-
bility does not require the entropy shift
S(r,T ) =−∂F(r,T )
∂T
, (4)
to be an increasing function of the temperature. Likewise,
C(r,T ) is not a true partition function (i.e., a sum of states with
non negative integer degeneracies) but rather the ratio of two
partition functions [23]. Nevertheless, by the same arguments
given in [13, 15] for the Polyakov loop, this ratio should be-
have, to a good approximation, like a partition function for
temperatures below the crossover, that is,
C(r,T )≈∑
n
gne−En(r)/T =
∫ ∞
−∞
dEρ(E,r)e−E/T , (5)
where ρ(E,r) is non negative. This implies that standard ther-
modynamic relations apply to F(r,T ) in this low temperature
regime. Similar remarks apply for 〈trRΩ〉 and F(T ) [13, 15].
B. Alternative scheme
Additional information can be obtained from the alterna-
tive point of view in which x,y, t are regarded as spatial co-
ordinates and z as Euclidean time (see Fig. 1, right). In this
picture β = 1/T (the inverse physical temperature) is the size
of the system in the spatial t direction. The size remains in-
finite in the x and y directions. The system is described by
a Hamiltonian Hz(T ) which produces the evolution in the z
direction and depends on T . Since the size in the z direction
is unbounded the effective temperature is zero. Therefore, in
this picture, the expectation values are taken in the vacuum
state of Hz(T ), which we denote |0;T 〉.
To carry out a canonical treatment, a convenient choice is
the static gauge ∂tAt = 0 (where At is the gluon gauge field
in the t direction). This leaves the Polyakov loop in the t di-
rection, Ω(x,y), together with Ax,y,z and q, q¯, as degrees of
freedom. Ω acts in the Hilbert space as a multiplicative opera-
tor. In this view the expectation value of two Polyakov loops,
3one at x= y= z= 0 and the other at x= y= 0, and a later time
z = r, represents the action of the operator TrRΩ† (at x,y = 0)
on the vacuum |0,T 〉 at time z = 0 followed by evolution to
time z = r to connect again with TrRΩ†|0,T 〉
C(r,T ) = 〈0,T |TrRΩe−rHz(T )TrRΩ†|0,T 〉. (6)
This allows to establish an exact spectral representation valid
for any representation R and any temperature, by inserting a
complete set of eigenstates of Hz, Hz|n,T 〉= wn(T )|n,T 〉,
C(r,T ) =∑
n
|〈n,T |TrRΩ†|0,T 〉|2 e−rwn(T )
:=
∫ ∞
0
dwτ1(w,T )e−rw.
(7)
The density of states excited by the Polyakov loop, τ1(w,T ),
is a non-negative function with support on w ≥ 0,1 so Eq. (7)
is a Laplace-Stietjels transformation [24].
The sum rule naturally splits into its r-independent discon-
nected component, coming from the vacuum term (i.e., the
term n = 0 in the sum), and the connected component from
the excited states:
C(r,T ) = L(T )2+Cc(r,T ), L(T )≡ 〈trRΩ〉T . (8)
The disconnected component yields a contribution
L(T )2 δ (w) in τ1(w,T ).
In addition to the usual scheme (x,y,z; t) and the one con-
sidered here, (x,y, t;z), a third scheme would be (x,z, t;y) y
being now the time direction. In this case C(r,T ) is just the
expectation value of an operator, TrFΩ(r)TrFΩ†(0), acting at
time y = 0 on the vacuum |0,T 〉 (the same vacuum as in the
(x,z, t;y) scheme). No excited states are involved in this case.
C. Convexity properties of the free energy
An interesting consequence of the spectral relation (7)
comes from the fact that τ1(w,T ) is positive and has positive
support. This automatically implies that C(r,T ) is an abso-
lutely monotonic function with respect to r, that is,
(−1)n ∂
nC(r,T )
∂ rn
≥ 0, n = 0,1,2, . . . (9)
Further bounds on the free-energy can be derived by rewriting
these inequalities as expectation values with τ1(w,T )e−rw as
measure:
(−1)n
C
∂ nC
∂ rn
=
1
C
∫ ∞
0
dwτ1e−rwwn ≡ 〈wn〉. (10)
In this view 〈wn〉 ≥ 0 because both w and the measure are non
negative. For positive r, the measure is exponentially conver-
gent at large w, since that regime of energies is dominated by
1 Note that the vacuum has zero energy, since replacing TrRΩ† by the identity
operator would yield C = 1 for all r.
the Coulomb interaction between the two conjugated charges
(see below).
Letting f ≡ F(r,T )/T =− logC, such inequalities imply,
f ′ = 〈w〉 ≥ 0, f ′2− f ′′ = 〈w2〉 ≥ 0, . . . (11)
The prime denotes derivative with respect to r. Tighter bounds
can be obtained by using optimized positive polynomials.2
Specifically
〈w〉= f ′ ≥ 0,
〈(w−〈w〉)2〉=− f ′′ ≥ 0
〈w(w−〈w〉)2〉= f ′′′− f ′ f ′′ ≥ 0
〈(w2−2〈w〉w+2〈w〉2−〈w2〉)2〉= 2 f ′′2− f (iv) ≥ 0.
(12)
These inequalities hold for all (r,T ). The first two relations
imply
∂F(r,T )
∂ r
≥ 0, ∂
2F(r,T )
∂ r2
≤ 0. (13)
An immediate consequence is that the zero temperature heavy
quark-antiquark potential V (r) = F(r,0) must be an increas-
ing and concave function of r,
V ′(r)≥ 0, V ′′(r)≤ 0, (14)
a result previously established from reflection positivity [25,
26]. A similar representation to ours on the lattice was pro-
posed long ago [27] although the important new implica-
tions discussed here were not addressed. A further property
from the Laplace-Stietjels representation is that the analytical
continuation to the complex plane r has no singularities for
Re(r)> 0.
D. Ka¨lle´n-Lehmann spectral representation
The spectral relation in Eq. (7) can be improved by taking
into account full translational and rotational invariances in the
three non-compactified directions. Indeed, up to now we have
only considered expectation values of e−rHz in a single state
namely, trRΩ†(0)|0〉 (here 0 is the origin of the (x,y) plane),
however, one can take more general states of the type |ψ〉 =
∑iψitrRΩ†(ri)|0〉 and still 〈ψ|e−zHz |ψ〉 must be positive for
any choice of the coefficients ψi. Equivalently, the function
h(r1,r2;z)≡ 〈0|trRΩ(r1)e−zHz trRΩ†(r2)|0〉, z≥ 0, (15)
provides the matrix elements of a certain positive operator
O(z) in L2(R2),
h(r1,r2;z) = 〈r1|O(z)|r1〉, (16)
2 The coefficients of the polynomials have been chosen so as to remove
higher powers of 1/T , i.e., monomials with many f ’s. The coefficients
in front of f ′ f ′′ and f ′′2 cannot be reduced since in that case the expres-
sions would not be positive definite for C(r,T ) = 1+ ae−r and arbitrary
positive a.
4and furthermore
h = h(|r1− r2|2+ z2). (17)
In view of the translational invariance, the simplest way to
impose the positivity condition on O(z) is to work in mo-
mentum space where this operator is diagonal. The details
of the derivation are given in Appendix A. One finds a tighter
exact spectral representation for the connected component of
C(r,T )
Cc(r,T ) =
∫ ∞
0
dµτ(µ,T )
e−µr
4pir
, (18)
for some non-negative density τ(µ,T ). This is nothing else
than the usual Ka¨lle´n-Lehmann spectral representation but in
three dimensions: trRΩ(x,y,z) behaves like an ordinary scalar
field at zero temperature in a three dimensional space-time
with Lorentz invariance. As it turns out, a formula equivalent
to the one derived here was already noted in [28] in the context
of Yang-Mills theory with unbroken center symmetry.
The new spectral relation contains the previous one, Eq. (7),
through the relation
τ1(w,T ) = L(T )2δ (w)+
1
4pi
∫ w
0
dµτ(µ,T ). (19)
As a consequence we learn that the connected component of
τ1(w,T ) is not only positive but also an increasing function of
w. Also it is important to note that w is an energy while µ
is an invariant mass, thus the support of τ(µ,T ) may have a
discrete part below the two particle threshold.
When the Polyakov loop is not present, L(T ) = 0 (e.g.,
Yang-Mills in the confined phase) it is easy to derive tighter
conditions on the free energy shift from the new represen-
tation in Eq. (18), since then rC(r,T ) has all the properties
previously exploited for C(r,T ). So in this case, again let-
ting f = − log(C), it follows that f ′ ≥ 1/r, − f ′′ ≥ 1/r2,
f ′′′− f ′ f ′′ ≥ 3/r3, etc. In particular,
∂F
∂ r
≥ T
r
,
∂ 2F
∂ r2
≤− T
r2
(L(T ) = 0). (20)
The first relation implies that, at finite temperature, F(r,T )
must increase at least logarithmically (namely, as T log(r))
with the separation, as a direct consequence of the factor
1/(4pir) in the sum rule, whenever the Polyakov loop van-
ishes.
The determination of the invariant-mass spectral density
τ(µ,T ) seems of interest since this quantity contains much
condensed information on the system composed of two heavy
conjugated charges at finite temperature. As it turns out, such
determination can be carried out for in some simple cases. A
first case is
F(r,T ) =−α
r
(21)
which should describe quenched QED (a free theory) and en-
tails L(T ) = 1 at all temperatures. Let
Gn(x)≡ In(2
√
x)
xn/2
=
0F1(n+1;x)
n!
=
∞
∑
k=0
xk
k!(n+ k)!
. (22)
Here In(x) is the modified Bessel function and 0F1(n;x) is the
confluent hypergeometric functions. The functions Gn(x) are
positive for positive x and grow as e2
√
x for large x. In addition,
G′n(x) = Gn+1(x). We rely on the identity∫ ∞
0
dxG1(x)e−rx = e1/r−1 (r > 0). (23)
The correlation function C(r,T ) = eα/(rT ) follows from
τ1(w,T ) = δ (w)+
α
T
G1
(α
T
w
)
θ(w). (24)
Here θ(x) is the Heaviside step function. In turn,
τ(µ,T ) = 4pi
dτ1,c(µ,T )
dµ
= 4pi
α2
T 2
G2
(α
T
µ
)
θ(µ)+4pi
α
T
δ (µ).
(25)
In Eq. (24), δ (w) gives rise to the Polyakov loop, while in
Eq. (25), δ (µ) accounts for the additional 1/r falloff in the
connected part of C(r,T ) for large separations.
Another case where the spectral function takes a closed
form is that of a simple model of the type string tension plus
Coulomb. Specifically, for the internal energy shift
U(r,T ) = σRr− αRr +U0, (26)
where U0 is a constant. This form of U(r,T ) is suited to model
the low temperature regime of a Yang-Mills theory. The ther-
modynamic relations require then the entropy shift S(r,T ) to
be a function of r only. The choice
S(r,T ) =− log(4pirµ0) (27)
allows to fulfill the spectral representation, µ0 being an arbi-
trary scale. The corresponding correlation function takes the
form
C(r,T ) =
1
4pirµ0
e−(σRr−αR/r+U0)/T . (28)
In this model L(T ) = 0. Such correlation then follows from
τ(µ,T ) =
e−U0/T
µ0
[
δ
(
µ− σR
T
)
+
αR
T
G1
(αR
T
(
µ− σR
T
))
θ
(
µ− σR
T
)]
.
(29)
A Polyakov loop can be added in the correlation function
without touching τ(µ,T ) but in this case U(r,T ) and S(r,T )
are no longer given by the previous expressions.
In Eq. (29), the Dirac delta term represents the mass of the
lowest-lying state, a string of length 1/T , which dominates the
long distance tail of the correlation in the string tension plus
Coulomb model. On the other hand, the Coulomb-induced
term increases as an exponential of
√µ and it should saturate
the large µ region of τ(µ,T ) of full QCD, albeit softened by
asymptotic freedom. This behaviour ensures the convergence
of the measure τ(µ,T )e−rµ at large µ for r > 0.
5In Yang-Mills theory one should expect a gap in the µ mass
spectrum below the transition temperature, giving rise to a
string tension. Indeed, a gap in the spectrum above the vac-
uum state makes the integration in the spectral sum rule to
start at the mass µ1 > 0 of the lightest state and this term
dominates the large r behaviour of the correlation function.
Assuming that µ1 is an isolated non vanishing point in the
spectrum (the lightest state is expected to be a single particle
state) one finds, for large r,
C(r,T ) ≈
r→∞C0(T )
e−µ1(T )r
4pir
(30)
and the quantity Tµ1(T ) can be interpreted as a (possibly
T -dependent) string tension. An increase in T should trans-
late into a continuous quenching of the gap which becomes
zero at the transition temperature. Above this temperature
trRΩ†|0,T 〉 couples to the vacuum state and a non vanishing
Polyakov loop expectation value emerges.
If there were a gap also in full QCD one would have instead
C(r,T ) ≈
r→∞C0(T )
e−µ1(T )r
4pir
+L(T )2 (31)
but still Tµ1(T ) could be interpreted as a (once again T -
dependent) string tension. The dominance of the Polyakov
loop at large r would display the string breaking.
However, a gapless spectrum seems more likely for full
QCD. A vanishing gap is more suited to describe the decon-
fined phase due to the lack of a string tension there. Then
by continuity the gap must be zero for all temperatures, since
in QCD there is a crossover rather of a true phase transition
[8]. Also the fact that L(T ) is non zero for all temperatures
and representations suggests a vanishing gap. Nevertheless,
even if strictly speaking, the support of the spectral function
τ(µ,T ) fills the positive half-line, it is not excluded that, in
the confined phase, this function have a narrow peak around
some µ1(T ). In this case one can speculate that a precise defi-
nition of a QCD string-tension could still be obtained as a pole
in the µ complex plane.
III. RENORMALIZATION GROUP
A. Renormalization of the free energy
In the extraction of physical information from lattice cal-
culations the renormalization of the free-energy is a crucial
issue. At distances shorter than the thermal wavelength,
rT  1, one expects that the medium plays a minor role
and, due to asymptotic freedom, perturbative QCD applies
[29, 30]. This requirement has been emphasized in a series
of insightful works [31, 32]. A limitation is that the neces-
sary small values of r might not be attainable in current lat-
tice settings. More recently, a full calculation with realistic
dynamical quark masses has been carried out for fundamen-
tal sources [33, 34]. There, the lattice action is renormal-
ized at zero temperature, i.e., by following lines of constant
physics. The only new ultraviolet ambiguity introduced by
the Polyakov loop operators is a single r- and T - indepen-
dent (although R-dependent) additive constant in F(r,T ), i.e.
F(r,T )→ F(r,T )+ c, which in principle can be fixed by set-
ting F(r0,T0) = F0 for conventionally chosen r0, T0, and F0.
We will review below the renormalization group equation
(RGE) for the vacuum case [35, 36] and the heavy quark sit-
uation [37]. Our reanalysis is based on the entropy and intro-
duces some minor but key modifications. The upshot is that
while one can determine the entropy shift from the RGE in the
vacuum and single heavy quark case, one cannot do the same
in the case of heavy quark-antiquark sources separated a given
distance.
B. Renormalization group for the entropy
1. Medium
While the entropy or the free energy are of high theoreti-
cal interest, experimentally one can only measure the specific
heat. Thus we naturally expect that this quantity be expressed
in a manifestly renormalization group invariant way. To fully
appreciate this point let us consider the simplest case, of a pure
gauge theory which is specified by a renormalization scale µ
and a dimensionless coupling constant g(µ), at temperature T
and volume V . The partition function Z and its relation to the
free energy F is defined as
Z = e−F/T =
∫
DAe−
∫
d4xL (32)
where the Lagrangian is given by
L =
1
4
(Gaµν)
2 . (33)
From the standard thermodynamic relation we have the en-
tropy
S =−∂F
∂T
=
∂
∂T
(T logZ). (34)
As any dimensionless quantity, the entropy S(T,V ) must
fulfill a functional dependence involving just dimensionless
quantities. If we take g, µ , T and V as the relevant variables
we have
S(g,µ,T,V ) = φ(g, log(µ/T ), log(µV
1
3 )). (35)
The renormalization group invariance means that
µ
d
dµ
S(g,µ,T,V ) = 0 (36)
whence we obtain
T∂T S−3V∂V S = β (g)∂gS , (37)
where the beta function is defined as
β (g) = µ
∂g
∂µ
. (38)
6To evaluate the derivative with respect to g we rescale the
gluon field A¯ = gA so that the measure and the action scale
as
DA = DA¯/gN , L =
1
4g2
(G¯aµν)
2 , (39)
with N the number of lattice points N = Nt ×N3s = V/T/a4
with a the lattice spacing, and G¯µν = ∂µ A¯ν−∂ν A¯µ+ i[A¯µ , A¯ν ]
is independent of g. Thus,
∂gS = ∂T (T∂g logZ) = ∂T
(
T
V
Ta4
+
2
g3
V 〈(G¯aµν)2〉T
)
=
V
2g
∂T 〈(Gaµν)2〉T .
Defining the trace of the energy momentum tensor as
Θ=
β (g)
2g
(Gaµν)
2 (40)
we get finally
∂T (E−3PV ) = ∂T
[
T
∫
d4x〈Θ〉T
]
. (41)
In the case of infinite volume we just get the energy density
ε = E/V and T
∫
d4x =
∫
d3x =V and the volume factors out
∂T (ε−3P) = ∂T 〈Θ〉T . (42)
Therefore, integrating from 0 to T one gets
ε−3P = 〈Θ〉T −〈Θ〉0, (43)
where we have assumed that E,P→ 0 for T → 0. This fol-
lows from the low temperature partition function behaviour
O(e−mG/T ) where mG the mass of the lightest glueball. The
derivation of Ref. [35, 36] starts already with the partition
function in terms of the scaled fields A¯ and thus the final equa-
tion does not include the subtracted contribution at zero tem-
perature, which has to be added by hand (see also [37]).
In the full QCD case we have to add quark and anti-quark
fields
Z =
∫
DADq¯Dqe−
∫
d4xL (x) = e−F/T , (44)
where the QCD Lagrangian for N f = 3 flavours u,d,s reads,
in terms of the re-scaled gluon field Aµ = ∑a AaµTa with
tr(TaTb) = δa,b/2 and A¯aµ = gAaµ ,
L (x) =
1
4g2
(G¯aµν)
2+ ∑
q=u,d,s
q¯(i/D+mq)q. (45)
Renormalization group invariance requires the inclusion of the
mass terms by assuming an extra dependence on the dimen-
sionless variable log(µ/mq(µ)), yielding
µ
dS
dµ
= β (g)
∂S
∂g
−∑
q
mq(1+ γq)
∂S
∂mq
−T ∂S
∂T
+3V
∂S
∂V
= 0, (46)
with the beta function and the mass anomalous dimension
given by
β (g) = µ
dg
dµ
, γq(g) =−d logmqd logµ . (47)
We obtain the same formulas as above with the energy mo-
mentum tensor defined as
Θ≡Θµµ = β (g)2g (G
a
µν)
2+∑
q
mq(1+ γq)q¯q. (48)
Here, in the low temperature limit E and P are saturated by the
free pion gas which again provides a vanishing contribution of
the type O(e−mpi/T ).
2. Heavy Source
For an operator O the thermal expectation value is defined
as
〈O〉T =
∫
DAO e−
∫
d4xL (x)∫
DAe−
∫
d4xL (x)
. (49)
A qualification is in order here. Generally, not every thermal
expectation value corresponds to a ratio of partition functions.
Strictly speaking a partition function requires a spectral de-
composition of the form Z = ∑n gne−En/T where gn is a non-
negative integer. We will only consider operators which in-
deed correspond to partition functions (in particular O must
be a dimensionless projector operator)
ZO
Z
= e−∆FO/T (50)
where we have introduced the free energy shift,
∆FO = FO −F. (51)
To this free energy shift there corresponds an entropy shift,
∆SO =−∂∆FO∂T . (52)
The renormalization group equation becomes
T∂T∆SO −3V∂V∆SO = ∂T
[
T
∫
V
d4x〈Θ〉O,T
]
(53)
where
〈Θ〉O,T = 〈ΘO〉T〈O〉T −〈Θ〉T . (54)
We can take the operator O as the Polyakov loop in any
representation R and, in the infinite volume case, the volume
dependence term drops out. Furthermore, for this choice of
O the thermal expectation value corresponds to the ratio of
two true partition functions (Eq. (1)). We will work in the
static gauge, in which the Polyakov loop reads trc(Ω(~x)) =
7trc(eigA0(~x)/T ) (trc1 = Nc) and we take conventionally ~x = 0.
In this case the RGE reads
T∂T∆SR = ∂T
[
T
∫
d4x〈Θ〉R,T
]
. (55)
This formula provides the specific heat for placing a colour
charge in the representation R into the hot medium. Remark-
ably this equation allows to uniquely determine the entropy
after specifying its value at a given temperature.
In the limit of small temperatures we have
∆SR(0) = logDR, (56)
where DR is the ground state degeneracy in the subspace with
a colour source in the representation R at~x = 0. In particular,
if the source is in the fundamental representation the lowest
state is obtained by screening the source by a single light anti-
quark, hence DR = 2N f for N f mass-degenerated light quark
flavors (the factor 2 coming from the two spin states of the
anti-quark) [13]. The Nc different colour states of the source
are combined with those of the light quark to form a colour
singlet, so this degree of freedom does not add to the entropy.
In the opposite limit of large temperatures a partition func-
tion is just the dimension of the Hilbert space of the system.
Hence ZR ∼ dRZ0 where dR is the dimension of the represen-
tation R, thus
∆SR(∞) = logdR. (57)
This expresses the fact that at very high temperatures the
colour state of the source is not effectively correlated with the
medium, so it just counts additively for the entropy.3 [For
the free energy defined from the Polyakov loop normalized as
〈trΩ〉/dR, this result takes the form ∆SR(∞) = 0.]
3. Heavy source correlator
In the case of a Polyakov loop correlator there appears the
separation between conjugate sources, r, which enters in the
RGE by including the dimensionless quantity log(µr) and
yielding the replacement T∂T → T∂T − r∂r, thus
T∂T∆SR¯⊗R− r∂r∆SR¯⊗R = ∂T
[
T
∫
d4x〈Θ〉R¯⊗R,T
]
. (58)
It is noteworthy that the previous equation is free from UV
divergences, although the integrand itself can display UV di-
vergences at the heavy source points. This is at variance with
a RGE for the free energy [37].
Eq. (58) is a standard first order partial linear differential
equation which can be solved by the method of characteris-
tics. Assuming that the r.h.s. is known, the equation provides
3 Recall that a colour source has no other degrees of freedom than colour, by
definition. A heavy quark serves as a source, not only because it does not
exchange kinetic energy but also because its spin state is fully decoupled
and can be disregarded.
the variation of ∆SR¯⊗R(r,T ) along paths rT = constant in the
(r,T ) plane. Specifically
T∂T S− r∂rS = φ(r,T ) (59)
is equivalent to
S(r,T ) = S(rT/T0,T0)+
∫ T
T0
φ(rT/T ′,T ′)
dT ′
T ′
. (60)
The determination of S(r,T ) from the RGE can then be
achieved from the knowledge of the entropy along a line vis-
iting all the rT values.
The explicit solution Eq. (60) applies immediately if the
entropy is known for all r at some reference temperature T0.
For instance in the Q¯Q case, at low temperatures we expect
lim
T→0
∆SQ¯Q(r,T ) =
{
0 r < rc
2log(2N f ) r > rc
(61)
where r is kept constant as T → 0, and rc is the string breaking
distance. This region of small T0 is beyond a perturbative cal-
culation. On the other hand, at high temperatures we expect a
free theory, with
lim
T→∞
∆SQ¯Q(r,T ) = 2log(Nc). (62)
In this T0 → 0 limit, S(rT/T0,T0) lies in the perturbative re-
gion since r0 = rT/T0 is also small. Nevertheless, likely, any
perturbative corrections will be exponentially inflated by the
RGE, rendering the determination of S(r,T ) for finite (r,T )
unreliable.
C. Perturbation theory and RGE improvement
1. Heavy source in the medium
One useful application of the RGE is the derivation of con-
straints on perturbative results. For instance, the expectation
value of the Polyakov loop has been computed to O(g4) in
pQCD in [29, 30, 38] and to O(g5) in [39]. To this order, the
structure of this quantity is
1
Nc
L(T ) = 1+ c0g3+(c1+d1 logg)g4
+(c2+ e2 log(µ/2piT ))g5+O(g6),
(63)
hence, for the entropy at NNLO
∆SQ = c0g3+(c1+d1 logg)g4
+(c2− e2+ e2 log(µ/2piT ))g5+O(g6).
(64)
The RGE then requires e2 = 3β0c0, where
β (g) =−g3 ∑
n≥0
βngn. (65)
A determination of the specific heat
∆cQ ≡ T∂T∆SQ (66)
8by direct derivation with respect to T with fixed µ would pro-
duce just the LO result (of O(g5)). However, such a calcula-
tion would disregard the fact that some of the T -dependence
at higher orders is fixed by the known lower orders through
the RGE. The RGE guarantees that to any given order we can
differentiate SQ (with fixed µ) and then take µ = µ(T ) (e.g.
2piT ) or the other way around. The latter method recovers the
NNLO result for cQ. Alternatively, one can work with fixed µ
and use the RGE relation
T∂TO = β (g)∂gO, (67)
which holds for any observable in which T is the only physical
scale. This gives
cQ =−3β0c0g5− (β0(4c1+d1+4d1 logg)+3β1c0)g6
+
(
5β0 (−c2+ e2− e2 log(µ/2piT ))
−β1(4c1+d1+4d1 logg)−3c0β2
)
g7+O(g8).
(68)
Note that the β function to NNLO is needed.
2. Heavy source correlator
The perturbative calculation of the Polyakov loop correla-
tor was done by Nadkarni [40] in the regime T  1/r ∼ mD
(mD is the Debye mass) yielding a function of rT for the con-
nected piece. Such dependence vanishes under the RGE for
the entropy, up to higher orders in perturbation theory stem-
ming from the energy-momentum tensor contributions. This
illustrates explicitly that the RGE of the entropy shift is not
sufficient for the full reconstruction of the correlator. In the
calculation of Ref. [29], in the regime 1/r T  mD, a non
vanishing contribution to the RGE is explicitly obtained, in-
volving again higher orders. Therefore, in order to test these
perturbative results, a different object should be computed,
namely, the energy momentum density of two charge conju-
gated heavy sources at finite temperature. To our knowledge
such a calculation has never been carried out in any form in
the literature.
IV. HEAVY Q¯Q FREE ENERGY SHIFT IN THE CONFINED
PHASE
On physical grounds one expects that below the phase tran-
sition the free-energy shifts should be expressed in terms of
hadronic colour singlet states, but the precise mathematical
formulation of this expectation has never been made clear. We
will address in this section the hadronic representation of the
heavy Q¯Q free-energy shifts, based on our findings of Sec. II.
A hadronic representation for the Polyakov loop was already
derived in [13] based on first principle arguments of QCD.
The results of this section generalize that study.
A. Q¯Q spectrum and string breaking
At zero temperature and for fundamental sources, the con-
cept of string tension has played a major role in the formula-
tion and understanding of confinement and colour gauge in-
variance in the pure Yang-Mills theory. In the zero tempera-
ture limit one has for large distances F(r,0) ∼ σr. In QCD
however, the string between fundamental charges breaks gen-
erating a q¯q pair from the vacuum which subsequently decays
into hadronic states, and so instead F(r,0) ∼ 2∆ where ∆ is
the mass of the lowest-lying bound state (a hybrid heavy-light
meson). The breaking of the string has been studied on the
lattice [41] where the avoided crossing between the Q¯Q and
the M¯M≡ (Q¯q)(q¯Q) channels was observed, which is familiar
from molecular physics in the Born-Oppenheimer approxima-
tion [42]. More generally, the Q¯Q state can decay into any of
the many excited states of the meson spectrum, or the baryon
spectrum, as long as they have the same quantum numbers as
the Q¯Q system.4
To analyze the Q¯Q free-energy lattice results in the con-
fined phase we will apply the approximate T -spectral repre-
sentation in Eq. (5) and the exact r-spectral representation in
Eq. (7). Further, we will consider the coupled-channel Hilbert
space spanned by Q¯Q (a single state representing the colour
sources joined by a string in its ground state) and by pairs H¯H
of heavy hadrons. Here H is a colour source screened with
light quarks and gluons to form a singly-heavy hadron (me-
son or baryon), either low-lying or excited. As in [13], half
of the heavy hadron spin states are spurious, since the colour
source has no spin. When this source is simulated with a very
heavy quark, its spin decouples due to QCD heavy quark spin
symmetry [43, 44]. The energies are modeled as
VQ¯Q(r) =−
4
3
α
r
+σr+ c ,
V (n,m)H¯H (r) = ∆
(n)
H¯ +∆
(m)
H ,
(69)
where ∆(n)H = M
(n)
H −mQ (n-th heavy-light hadron mass minus
heavy quark mass). An additive constant c has been included
in VQQ¯(r) to account for the ambiguity in the renormalization
of the lattice data (see Sec. III A) In addition, a Q¯Q↔ H¯H
transition potential W can be present.
In principle one should take the infinite quark mass limit
(mQ → ∞) and compute the corresponding spectrum. This
is an ambitious program and as a guide we will content our-
selves with using existing extensive quark model calculations
containing the main essential features describing singly heavy
hadrons (mesons and baryons) and relativity, which proves
crucial to account for excited states. Obviously this repre-
sents an approximation but these models already produce a
trace anomaly for u, d, s quarks, below the phase transition,
which can hardly be distinguished by the conventional hadron
4 The mechanism of decaying into baryons implies the creation of two pairs
of light quarks q¯q, leading to the formation of two heavy-light baryons with
one heavy quark.
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FIG. 2: The spectrum as a function of distance and the (avoided) level
crossing structure for the considered string-meson mixing scenarios.
Single mixing (upper panel) and multiple mixing (lower panel) for
the model which includes the Isgur states for heavy-light mesons
with a charm quark. We consider the avoided crossing (thick lines)
shown in Fig. 4 (up).
resonance gas using the listed PDG values [16]. Besides, one
can assess the corresponding uncertainty by comparing the c-
hadron versus the b-hadron spectra and this is in accordance
with previous analyses for the Polyakov loop, cf. [13, 45].
Moreover, we will disregard gluonic string-like excitations as
we expect them to have a gap of the order of
√
σ ∼ 400MeV.
In Fig. 2 we illustrate the situation for σ = (0.425GeV)2
and α = pi/16, and using the spectrum of heavy-light hadrons
with a charm quark from the Godfrey-Isgur relativized quark
model (RQM) [46] up to ∆B = 3.19GeV. As mentioned, a
source of error is that the heavy quarks in nature have a fi-
nite mass. In order to estimate this, we have used as well
the spectrum of heavy-light hadrons with a b quark from the
very same model. Besides reproducing accurately de PDG
level density, the RQM satisfactorily describes the Polyakov
loop below the crossover and, for the heavy-light system with
charm or bottom quarks, yields an exponentially growing
spectrum ρ ∼ e∆B/TH with Polyakov-Hagedorn temperature
TH,c = 210MeV [47]. Before mixing, all H¯H levels cross with
the quenched Q¯Q potential (note the relatively large gaps be-
tween lower H¯H levels mixing with the Q¯Q channel). The
avoided crossings correspond to H¯H states with the same JPC
quantum numbers as the Q¯Q, which are also highlighted in
Fig. 2 for the RQM using a mixing W to be discussed subse-
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FIG. 3: Upper panel: Heavy Q¯Q potential at zero temperature as
a function of the separation, obtained by solving Eq. (70) and tak-
ing the lattice data shown in the lower panel. The continuous (resp.
dashed) black line is the result of the Cornell potential, Eq. (69),
with σ = (0.55GeV)2 (resp. σ = (0.42GeV)2) and c = −0.3GeV.
Lower panel: Heavy Q¯Q free energy as a function of the separation.
The bands are the lattice data for N f = 2+ 1 taken from Ref. [33].
The dashed lines represent the result by using Eq. (70) with the spec-
trum of heavy-light mesons and baryons with a charm quark from the
Isgur model of Ref. [46].
quently.
B. Hadronic representation for the free energy
Relying on the T -spectral representation and adding up all
coupled-channel states, in the absence of mixing one finds [16]
e−F(r,T )/T = e−VQ¯Q(r)/T +
(
∑
n
e−∆
(n)
H /T
)2
. (70)
The last term is just L(T )2 [13]. The simple form of this
term follows from neglecting any interaction between the two
heavy hadron states (Eq. (69)).
Using the data of Ref. [33] to extract F(r,T ) and L(T ), one
can determine VQ¯Q(r) by inverting Eq. (70). This yields a
T -independent potential for rT  1 but with a string tension
σ = (0.55GeV)2, almost twice the conventionally accepted
10
value (0.42GeV)2. This is shown in Fig. 3 (up). This dis-
turbing result suggests that determining the string tension or
renormalizing the free-energy-shift from short distances (at
least in lattice QCD with realistic quark masses and current
lattice spacings) may contradict the long distance and well
established charmonium phenomenology, based on quenched
determinations of the string tension.
In Fig. 3 (down) we display the lattice results of [33] for
the heavy Q¯Q free energy along with the calculation from
Eq. (70) using the Isgur model with charm quarks and σ =
(0.55GeV)2. A better agreement with lattice data is achieved
mainly for the lowest temperatures. The disagreement at
higher temperatures is in part motivated by the failure of the
hadronic representation of the Polyakov loop to describe the
lattice data at higher temperatures, cf. [13].
In order to estimate finite mass effects, the above determi-
nation of F(r,T ) from Eq. (70) can be repeated using instead
b quarks in the Isgur spectrum. One finds a maximum rela-
tive change in this quantity of 0.22% for T = 150MeV and
of 6.17% for T = 175MeV. Such maximum deviations take
place at large separations as they reflect the slightly different
Polyakov loop predicted by the two versions, already noted in
Ref. [13]. The variation is larger at the highest temperature,
where the model is less reliable. As we explain subsequently,
in the extraction of precise quantities like the mixing potential
in Sec. IV C, we take the Polyakov loop directly from lattice
data rather than from a hadronic model. This fixes the large
separation regime, hence finite mass effects are restricted to
intermediate distances, and they are significantly smaller than
the above estimates.
Remarkably, Eq. (70) is fully consistent with the exact r-
representation, Eq. (7). However, when channel mixing is
allowed and the modified eigenvalues are introduced in the
T -spectral representation, the admissible mixings get con-
strained by the concavity relations in Eq. (13). For instance,
in the low temperature limit the lowest eigenvalue dominates
and this implies the conditions E ′0(r) ≥ 0 and E ′′0 (r) ≤ 0 (no
such direct constraint applies to the excited states). The two-
level setting in Eq. (72) (below) illustrates that W cannot be
arbitrary: for large enough W > 0 (the sign is conventional)
E0(r)∼−W (r) and so the concavity relations require W ′ ≤ 0
and W ′′ ≥ 0.
C. Avoided crossings
When mixing is switched on, we still use an additive model
for V (n,m)H¯H (r), i.e., interactions between the two heavy hadrons
are neglected, but non vanishing matrix elements arise be-
tween different H¯H pairs, as well as transitions between the
H¯H states and the Q¯Q state. The simple form in Eq. (70) no
longer holds since the Hamiltonian is no longer diagonal in
the coupled-channel space. If V (r) denotes the Hamiltonian
(a matrix in coupled-channel space) the formula with mixing
becomes
e−F(r,T )/T = tr(e−V (r)/T ) =∑
α
e−Eα (r)/T , (71)
where Eα(r) denote the corresponding eigen-energies.
To study the phenomenon of avoided crossings in closer
detail and paralleling the treatment in [41], let us introduce a
mixing just between the Q¯Q state and the lowest-lying H¯H
state
V (r) =
 −
4α
3r +σr W (r)
W (r) 2∆
. . .
 . (72)
We only display the two coupled levels of V (r), this matrix
being diagonal for the remaining states. To be more pre-
cise, the lowest lying H¯H level contains several spin-flavor
states. To match the quantum numbers of the Q¯Q state, we
only couple the flavorless and spinless H¯H combinations. The
uncoupled H¯H states give a contribution as in Eq. (70) and
their role is to saturate the Polyakov loop. Therefore their
detailed eigen-energies are not needed. The contribution ob-
tained from diagonalization of the two first states in V (r) in
Eq. (72) is computed explicitly and the remainder is fixed so
that the Polyakov loop value is reproduced.
This simplest mixing model allows to determine W (r) point
by point from F(r,T ). A crucial consistency check of the ap-
proach is that W must be T -independent. Clearly, our string-
hadronic model will not be valid above the critical tempera-
ture except for very small separations. Therefore, we expect
that extraction of W (r) from the data will reflect this short
distance medium independence. As we can see from Fig. 4
(up) the short distance behaviour is pretty much independent
of the temperature provided we take the standard value for the
string tension, σ = (0.42GeV)2. Moreover, in the common
range for temperatures T = 150,175,200MeV an exponential
behaviour is obtained (at least above 0.13fm), in agreement
with the functional form proposed in Refs. [48–50]. A fit with
W = ge−mr to the lattice data at T = 150MeV with α = pi/16
and ∆= 472MeV (the lowest Isgur state with a charm quark)
produces
σ = (0.424(14)GeV)2 , g = 0.98(47)GeV ,
m = 0.80(38)GeV , (73)
with χ2/dof = 0.031. Parameters g and m are highly posi-
tively correlated, with a correlation r(g,m) = 0.983.
For ∆ = 553MeV, which corresponds to the lowest Isgur
state with a bottom quark, one obtains σ = (0.424(14)GeV)2,
g = 1.02(47)GeV, and m = 0.77(38)GeV, with χ2/dof =
0.031 and r(g,m) = 0.983.
We have checked that including more states in the mixing
just reduces the strength of the transition potential W but does
not change the exponential behaviour, cf. Fig. 4 (down).
Note that the highest temperature used in this analysis,
T = 200MeV is clearly above the physical value of Tc in QCD
which is around 150MeV. The value of Tc in Ref. [33] is ob-
tained in [51, 52] from chiral susceptibilities, namely, Tc =
146(2)(3)MeV, in quantitative agreement with the HotQCD
collaboration [53]. On the other hand the approach presented
in this section is expected to be valid only in the confined
regime. In either case, it is reassuring that such an approach
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FIG. 4: Upper panel: Value of the mixing W as a function of sepa-
ration with the two states model of Eq. (72). The dots result from
a fit of the heavy Q¯Q free energy lattice data of Ref. [33] with
σ = (0.42GeV)2 and not assuming any functional form for W (r).
The dashed line corresponds to the best fit to the lowest temperature
data assuming the functional form W = ge−mr with σ , g, and m as
parameters. The two methods agree and W (r) is temperature inde-
pendent. Lower panel: W (r) as a function of separation with a model
including mixing between string and all the heavy-light charmed me-
son states of the Isgur model. The effect of the mixing with the new
states is to reduce the strength of the potential W , but not its expo-
nential behaviour.
can describe lattice data at sufficiently short distances so close
to the phase transition.
The form of the mixing potential is qualitatively similar
to that found in Ref. [41] where the correlators of the ma-
trix were computed at zero temperature, but for pion masses
around 700MeV. Since the lattice data used in our deter-
mination of W (r) were obtained for physical hadron masses
we do not expect the observed exponential fall-off in W (r)
to correspond to pion exchange. Indeed, the iterated mech-
anism, H¯H → Q¯Q → H¯H represents meson-exchange, and
conversely, any meson-exchange must involve some compo-
nent of Q¯Q as an intermediate state, but there is no compelling
reason to expect that the lighter mesons should be dominant
in the transition potential W (r) in the range of distances con-
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FIG. 5: With the same model as in Fig. 3, value of the entropy (up-
per panel) and specific heat (lower panel) of two heavy sources as
a function of separation with the model in the absence of mixing
given by Eq. (70). We consider the spectrum of heavy-light mesons
and baryons with a charm quark, obtained with the Isgur model of
Ref. [46].
sidered. The value m = 800MeV is in the range of a typical
meson mass with no special mass-reducing mechanism (e.g.,
chiral symmetry in the pion case) at work.
D. Entropy and specific heat
An obvious application of the HRG is the determination
of the entropy and the specific heat shifts due to the addition
of the extra heavy sources located at a separation distance r,
in the confined phase. On the lattice, such a calculation was
carried out in Ref. [54], just for the entropy, using the short
distance renormalization of the free energy, which we have
already analyzed above. There one observes negative entropy
(shifts) above the phase transition. Unfortunately, the lattice
calculation of Ref. [33], which implements a finite distance
renormalization condition, does not provide the entropy; for
the available ∆T = 25MeV, a sizable noise in the numerical
extraction of the derivative is expected.
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FIG. 6: With the same model of Fig. 4 (up), value of the entropy
(upper panel) and specific heat (lower panel) of two heavy sources as
a function of separation with the two states model of Eq. (72).
In Figs. 5 and 6 we show our model results for the entropy
and specific heat shifts in two different cases. In Fig. 5 we dis-
play the results in the absence of mixing, Eq. (70), whereas in
Fig. 6 we include the avoided crossing effects as discussed
in Sec. IV C. Note that both quantities vanish in the limit
r → 0. This was expected as in this limit the heavy quark
and antiquarks are placed at the same point, so there are no
effects of polarization on the thermal medium. At large dis-
tances both quantities tend to stabilize. In effect, in this limit
FQQ¯(r,T )→ 2FQ(T ) which is independent of r, and the same
applies for any derivatives of the free energy. We remind that
our model calculation assumes that the entropy shift can be
treated as a true entropy; this is a valid assumption at low tem-
peratures, as discussed repeatedly in this work. With this pro-
viso in mind, we note that both quantities are positive. How-
ever, while this entropy is an increasing function with r, this is
not always true for the specific heat. The existence of a peak
in cQQ¯ at some distance r = r∗ might be related to the distance
at which string breaking effects take place, being this distance
smaller for higher temperatures.
V. CONCLUSIONS
In the present paper we have shown that below the phase
transition the partition function of the thermal QCD medium
in presence of two conjugated heavy charges can be expressed
in terms of pairs of purely hadronic states with a single heavy-
quark plus the quark-antiquark static potential of gluodynam-
ics and actually this description provides a gateway to de-
termine the string tension. This implies a non-trivial level
avoided crossing structure in the heavy-light hadronic spec-
trum which successfully describes lattice QCD data. This is
done in harmony with a new Ka¨lle´n-Lehmann spectral repre-
sentation of the Polyakov correlator, whence concavity prop-
erties of the free-energy at any temperature can be straightfor-
wardly deduced. In addition, since quite generally any quan-
tum system undergoing a conventional thermal phase transi-
tion will be unbounded in some direction, our construction (in
which 1/T is a spatial size of the rotated system) suggests that
thermal phase transitions can be regarded as quantum phase
transitions at zero temperature, the external parameter being
the physical temperature T . As it is well known the order
of the quantum phase transition is related to the level struc-
ture and corresponding avoided crossing pattern in the µn(T )
eigenvalues [55]. As an exciting speculation motivated by our
exact spectral representation, one may wonder whether the
string tension admits an exact definition (complex and perhaps
T -dependent) even in unquenched QCD, in the same way that
the masses of hadronic resonances admit a precise definition
as poles of the S-matrix complex plane. The Dirac-delta term
in Eq. (29) remains an exact contribution in gluodynamics,
and this term might move to the complex µ-plane in full QCD.
Finally, a direct determination of the entropy and specific heat
shifts due to separated colour charge conjugated sources from
the string-hadron model has been undertaken with the hope to
motivate accurate lattice results of both quantities.
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Appendix A: Derivation of the Ka¨lle´n-Lehmann spectral
representation
In this appendix we present the derivation of the Ka¨lle´n-
Lehmann spectral representation for the correlation function
of the two conjugated Polyakov loops separated a distance r.
Let us set one Polyakov loop at 0 = (0,0,0) and the other at
x = (x,y,z),
C(x) = 〈0,T |T (trRΩ(x)trRΩ†(0))|0,T 〉. (A1)
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The chronological ordering operator T indicates that the or-
der of the product must be reversed if z < 0. Such ordering
is automatically implemented in the functional formulation.
Three dimensional rotational invariance allows to use |z| in-
stead of z.
Since the Hamiltonian Hz(T ) implements the evolution
with respect to the coordinate z (regarded as an imaginary
time) and P⊥ = (Px,Py) implements the spatial translations
on the plane (x,y), on can write
C(x) = 〈0,T |trRΩeix⊥P⊥e−|z|Hz(T )trRΩ†|0,T 〉. (A2)
Inserting a complete set of eigenstates of P⊥ and Hz(T ),
Cc(x) = ∑
n>0
eix⊥p⊥,ne−|z|wn(T )|〈n,T |trRΩ†|0,T 〉|2, (A3)
where we have already removed the disconnected vacuum
contribution and wn(T )> 0. The result can be expressed as
Cc(x) =
∫ d2 p⊥
(2pi)2
dw
2pi
e−|z|w+ix⊥p⊥ρ(w, p⊥), (A4)
where
ρ(w, p⊥) = ∑
n>0
(2pi)2δ (p⊥− p⊥,n)2piδ (w−wn(T ))
×|〈n,T |trRΩ†|0,T 〉|2.
(A5)
Now we can invoke three dimensional Lorentz invariance with
respect to (x,y,−iz), or equivalently, three dimensional ro-
tational invariance with respect to (x,y,z), to conclude that
ρ(w, p⊥) is really a function of w2− p2⊥. Thus
ρ(w, p⊥) = θ(w)
∫ ∞
0
dµτ(µ)2piδ (w2− p2⊥−µ2), (A6)
where the spectral mass density function τ(µ) is non negative.
Inserting this form of ρ in Eq. (A4), and using the relations
∫ ∞
0
dw
2pi
e−|z|w2piδ (w2−w20) =
e−|z|w0
2w0
=
∫ +∞
−∞
d pz
2pi
eizpz
p2z +w20
, w0 > 0
(A7)
gives (for w0 =
√
p2⊥+µ2)
Cc(x) =
∫ ∞
0
dµτ(µ)
∫ d3 p
(2pi)3
eixp
p2+µ2
=
∫ ∞
0
dµτ(µ)
e−µr
4pir
.
(A8)
Explicit three dimensional rotational invariance is recovered
in the final result.
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